
Nonlinear Riemann-Hilbert Problems II
Elias Wegert, TU Bergakademie Freiberg, Germany

Isaac Newton Institute Cambridge, September 2019



Nonlinear Riemann-Hilbert Problems

1 Summary of first talk

2 Extremal principles
Functions with restricted boundary values
The range of values
Nevanlinna parametrization
The geometry of RHPs
Transition from R to V

3 Application: filter design
Filter design

4 Nonlinear transmission problems
Wiener-Hopf factorization
Nonlinear transmission problems
Blaschke decomposition

E. Wegert (TU Freiberg) Nonlinear Riemann-Hilbert Problems September 2019 2 / 44



Nonlinear RHPs: Summary



Bernhard Riemann’s Vision

In his thesis of 1851, Bernhard Riemann asked for well-posed boundary
value problems for holomorphic functions (in the unit disk, say). Using
mainly heuristic arguments, he came up with the following conclusion:

“Die Bedingungen, welche so eben zur Bestimmung der Function hinreichend
und nothwendig befunden worden sind, beziehen sich auf ihren Werth . . . in
Begrenzungspunkten, . . . und zwar geben sie für jeden Begrenzungspunkt eine
Bedingungsgleichung . . . .”

The conditions which where just found to be sufficient and necessary for
determining the function are related to its values . . . at boundary points, . . .
namely, they give one equation for each boundary point.

Riemann-Hilbert Boundary Value Problem (RHP)

Let f : T× C→ R be a given function. Find all functions w which are holo-
morphic in the complex unit disk D and continuous on its closure D, such that
f
(
t,w(t)

)
= 0 for all t on the unit circle T



Bernhard Riemann’s View on RHPs

Bernhard Riemann 1851: “Die Bedingun-
gen . . . beziehen sich auf ihren Werth ent-
weder in Begrenzungs- oder in Unstetig-
keitspunkten; . . .
Bezieht sich jede derselben nur auf Einen
Begrenzungspunkt, so werden sie durch
eine Schaar von Curven repräsentirt, von
denen für jeden Begrenzungspunkt Eine
den geometrischen Ort bildet.”

The conditions . . . are related to the
function values . . . at boundary points
or at points of discontinuity; . . . If
each one is related to only one boun-
dary point, they are represented by a
family of curves, and for each boun-
dary point one of those [curves] forms
the locus [of the corresponding boun-
dary value].



Geometric Setting: the Target Curves

We are looking for functions w in the disk algebra H∞ ∩ C (i.e. w is
holomorphic in the unit disk D and has a continuous extension to the
closed disk D) which satisfy the boundary condition

f (t,w(t)) = 0, t ∈ T := ∂D.

Following Riemann, we introduce the target curves

Mt := {w ∈ C : f (t,w) = 0}, t ∈ T

and write the boundary condition as w(t) ∈ Mt for all t ∈ T.
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Geometric Setting: the Target Manifold

To untangle the family of target curves Mt we lift them from C to T×C.

The target manifold is the set

M := {(t,w) ∈ T×C : f (t,w) = 0}

The figure shows three colored points
t1, t2, t3 on T, the associated planes
{tj} ×C containing the target curves
and the target manifold.

The red line
on M is the graph of the boundary
function of a solution w , said to be
the trace of w ,

trw := {(t,w(t)) : t ∈ T}.
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Torus-Like Target Manifolds

Smooth target manifolds which are built from closed target curves are
called torus-like. The corresponding RHPs comprise conformal mapping
onto smoothly bounded domains.

The standard example is the problem |w(t)| = 1 with M = T× T.

A torus-like target manifold M is said to be admissible, if it has a
parametric representation µ ∈ C 1(T× R) such that

M = {(t, µ(t, s)) : t, s ∈ T},

(i) for any t ∈ T the mapping s 7→ µ(t, s) is injective,

(ii) there exists a constant C > 1 such that for all s, t ∈ T

0 < 1/C ≤ |∂sµ(t, s)| ≤ C .
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Winding Numbers of Solutions

Every curve on a torus-like manifold M has two winding numbers. For
traces of solutions one of these is equal to 1.
The second one is said to be the winding number of w about M.

windMw = 0 windMw = 2

If the origin is contained in the interior of every target curve, the winding
number of w about M coincides with the number of zeros of w in D.
More generally, a torus-like target manifold M is said to be regular, if there
exists a holomorphic function w0 ∈ H∞ ∩ C with w0(t) ∈ intMt , t ∈ T.
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Fundamental Solutions of Regular Problems

The fundamental solutions of a RHP are those with winding number zero
about M. The set of these solutions is denoted W0.

Theorem (A.I. Shnirel’man 1972, E.W. 1987)

Any regular (admissible) torus-like target manifold M is covered by the
traces of fundamental solutions in a schlicht manner.

coordinate space
torus (t, s) ∈ T2

−→

target
manifold

Together with the target curves, the traces of all solutions with winding
number zero provide the target manifold with a canonical parametrization.
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Solutions with Arbitrary Winding Numbers

In the standard case M = T × T the
(continuous) solutions of the RHP are
all finite Blaschke products

w(z) = c
n∏

k=1

z − zk
1− zkz

,

with c ∈ D, zk ∈ D.

Theorem

Let M be an (admissible) torus-like target manifold with 0 ∈ intMt .
Then, for arbitrary points t0 ∈ T, w0 ∈ Mt0 , and z1, . . . , zn ∈ D the RHP
w(t) ∈ Mt has a unique solution w ∈ H∞ ∩ C with

windM w = n, w(t0) = w0, w(zk) = 0 (k = 1, . . . n).
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Extremal Principles



More Geometry: Extremal Principle for RHPs

Conformal mappings are characterized by extremal properties.
Have solutions to general Riemann-Hilbert problems similar properties ?

We consider classes of holomorphic functions with restricted boundary
values,

A := {w ∈ H∞(D) : w(t) ∈ intMt a.e. on T}.

Here intMt denotes the closure of the Jordan
domain bounded by Mt and H∞(D) is the
Hardy space of bounded holomorphic functi-
ons in D.
The figure shows the traces of four functions
in A, caged in the target manifold generated
by the curves Mt (only a part of M is shown).
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Ranges of Values

Recall that

A := {w ∈ H∞(D) : w(t) ∈ intMt a.e. on T}.

By the maximum principle, the restriction of boundary values induces
restrictions of the values at interior points z ∈ D.

For example, |w(t)| ≤ 1 for all t ∈ T implies |w(z)| ≤ 1 for all z ∈ D.

So we are interested in properties of
the range of values

A(z) := {w(z) : w ∈ A}

for functions in A and its explicit de-
termination. This gives rise to an ex-
tremal problem.
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An Extremal Principle

A function w ∈ A is said to be an extremal function, if for some z ∈ D,
the value w(z) lies on the boundary of the range of values A(z).

Theorem (E.W.)

Let M be a regular compact target manifold and z ∈ D.

(i) The range of values A(z) is homeomorphic to a closed disk.

(ii) The extremal functions are exactly the solutions of the RHP
w(t) ∈ Mt with winding number zero.

(iii) If w(z) ∈ ∂A(z) for some z ∈ D, then this holds for all z ∈ D.

In the standard case M = T× T the result is just the maximum principle.

Solutions with arbitrary winding number can be characterized similarly.
For solutions with windMw = 1 and M = T× T the result comprises the
Schwarz lemma.



An Extremal Principle

A function w ∈ A is said to be an extremal function, if for some z ∈ D,
the value w(z) lies on the boundary of the range of values A(z).

Theorem (E.W.)

Let M be a regular compact target manifold and z ∈ D.

(i) The range of values A(z) is homeomorphic to a closed disk.

(ii) The extremal functions are exactly the solutions of the RHP
w(t) ∈ Mt with winding number zero.

(iii) If w(z) ∈ ∂A(z) for some z ∈ D, then this holds for all z ∈ D.

In the standard case M = T× T the result is just the maximum principle.

Solutions with arbitrary winding number can be characterized similarly.
For solutions with windMw = 1 and M = T× T the result comprises the
Schwarz lemma.



An Extremal Principle

A function w ∈ A is said to be an extremal function, if for some z ∈ D,
the value w(z) lies on the boundary of the range of values A(z).

Theorem (E.W.)

Let M be a regular compact target manifold and z ∈ D.

(i) The range of values A(z) is homeomorphic to a closed disk.

(ii) The extremal functions are exactly the solutions of the RHP
w(t) ∈ Mt with winding number zero.

(iii) If w(z) ∈ ∂A(z) for some z ∈ D, then this holds for all z ∈ D.

In the standard case M = T× T the result is just the maximum principle.

Solutions with arbitrary winding number can be characterized similarly.
For solutions with windMw = 1 and M = T× T the result comprises the
Schwarz lemma.



An Extremal Principle

A function w ∈ A is said to be an extremal function, if for some z ∈ D,
the value w(z) lies on the boundary of the range of values A(z).

Theorem (E.W.)

Let M be a regular compact target manifold and z ∈ D.

(i) The range of values A(z) is homeomorphic to a closed disk.

(ii) The extremal functions are exactly the solutions of the RHP
w(t) ∈ Mt with winding number zero.

(iii) If w(z) ∈ ∂A(z) for some z ∈ D, then this holds for all z ∈ D.

In the standard case M = T× T the result is just the maximum principle.

Solutions with arbitrary winding number can be characterized similarly.
For solutions with windMw = 1 and M = T× T the result comprises the
Schwarz lemma.



An Extremal Principle

A function w ∈ A is said to be an extremal function, if for some z ∈ D,
the value w(z) lies on the boundary of the range of values A(z).

Theorem (E.W.)

Let M be a regular compact target manifold and z ∈ D.

(i) The range of values A(z) is homeomorphic to a closed disk.

(ii) The extremal functions are exactly the solutions of the RHP
w(t) ∈ Mt with winding number zero.

(iii) If w(z) ∈ ∂A(z) for some z ∈ D, then this holds for all z ∈ D.

In the standard case M = T× T the result is just the maximum principle.

Solutions with arbitrary winding number can be characterized similarly.
For solutions with windMw = 1 and M = T× T the result comprises the
Schwarz lemma.



An Extremal Principle

A function w ∈ A is said to be an extremal function, if for some z ∈ D,
the value w(z) lies on the boundary of the range of values A(z).

Theorem (E.W.)

Let M be a regular compact target manifold and z ∈ D.

(i) The range of values A(z) is homeomorphic to a closed disk.

(ii) The extremal functions are exactly the solutions of the RHP
w(t) ∈ Mt with winding number zero.

(iii) If w(z) ∈ ∂A(z) for some z ∈ D, then this holds for all z ∈ D.

In the standard case M = T× T the result is just the maximum principle.

Solutions with arbitrary winding number can be characterized similarly.
For solutions with windMw = 1 and M = T× T the result comprises the
Schwarz lemma.



Determination of the Ranges of Values

To find the range A(z) . . .

. . . solve the RHP w(t) ∈ Mt . . .

. . . and fill in the interior of Mz .

. . . determine Mz := {w(z) : w ∈ W0} . . .
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Direct Proof of the Extremal Principle ?

The proof of the extremal principle needs three ingredients:

(i) existence of the family of fundamental solutions W0

(ii) existence of extremal functions

(iii) coincidence of both families

Problem (i) is hard and (so far) a positive answer needs assumptions on
the regularity of the target manifold. The existence of extremal functions
in (ii) can be shown in weaker hypotheses.

Challenge:

Give a direct proof that the extremal functions satisfy the boundary
condition of the RHP, without a-priory knowledge about the existence of
solutions to the latter problem.

Please let me know if you have an idea !
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Nevanlinna parametrization
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Canonical Homeomorphism A ∼= B

In the standard case, where Mt := T for all t ∈ T, the set

A := {w ∈ H∞(D) : w(t) ∈ intMt a.e. on T}

is the closed unit ball B of the Hardy space H∞.

Open Problem: Canonical homeomorphism A ∼= B
Can (any fixed) set A be parameterized by the functions in the closed unit
ball B of H∞ ? Is there a canonical way to do so ?

A positive answer is known for Riemann-Hilbert problems with circular
target curves.

Mt := {w : |w − c(t)| = r(t)
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The Geometry of Riemann-Hilbert Problems



Three typical examples of RHPs

What happens if the assumption on regularity of the target manifold is
dropped ? The following examples are prototypic.

Example 1: Mt = {w ∈ C : |w | = 1}
Many solutions:

w(z) = c
n∏

k=1

z − zk
1− zkz

.

Example 2: Mt = {w ∈ C : |w − t−1| = 1}
Exactly one solution w ≡ 0.

Example 3: Mt = {w ∈ C : |w − 2 t−1| = 1}
No solution.
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Three Classes of Torus-Like RHPs

The three examples are prototypes of three classes of Riemann-Hilbert
problems with (admissible) torus-like target manifolds.

Theorem (E.W.)

The set M of all admissible torus-like target manifolds splits into three
classes R (regular), S (singular), and V (void).

(i) If M ∈ R then, for any nonnegative integer n, the set of solutions to
the RHP with winding number n about M is a manifold of real
dimension 2n + 1.

(ii) If M ∈ S the RHP has exactly one solution, and the winding number
of this solution about M is negative, windMw < 0.

(iii) If M ∈ V the RHP has no solution.

(iv) Let #A(M) denote the number of elements in A(M).
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Geometry of Riemann-Hilbert Problems

In the next level of abstraction the RHPs are themselves considered as
geometric objects. For this end the set M of all admissible torus-like
target manifolds is endowed with the topology emerging from the
Hausdorff distance. Recall that M is the disjoint union of R, S and V .

Theorem (E.W.)

(i) The sets R and V are open in M .
(ii) The set S (is closed and) forms the common boundary of R and V .
(iii) The union of R and V is dense in M .

Corollaries.

1. Typical (“generic”) problems belong to R or V .

2. Any (continuous) path from R to V intersects S .
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The Transition from R to V

If regular target manifolds M are continuously deformed, the solutions
converge uniformly on the closed disk.

If the target manifolds converge
to a singular manifold, the
boundary function cannot
converge uniformly since the
winding number jumps.
Nevertheless we still have
uniform convergence on compact
subsets of D and convergence
almost everywhere on the
boundary (G. Semmler).

The black dot is a reference point which allows one to identify the
positions of the target curves with respect to the origin.
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Design of Dynamical Systems
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Transfer Function and Frequency Response

The transition from RHPs of class R to class V is crucial for the
understanding of so-called H∞-optimization problems.

We consider linear, causal, time invariant, stable systems

B- -input output

The input-output behavior is described by a transfer function f ,
which is a bounded holomorphic function in the right half plane C+.
Its boundary function ω 7→ f (iω) is the frequency response:

|f (iω)| − gain, arg f (iω) − phase shift

Goal: Construct a system with given frequency response f0.
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Evaluation of Systems: Penalty Function

In general an “ideal system” with frequency response f0 does not exist,
since the boundary function of a holomorphic function cannot be
prescribed arbitrarily.
To evaluate the performance of a system with frequency response f ,
one defines a penalty function,

F : R× C→ R,
such that, for each frequency ω, the
value F (ω, f ) measures the “distan-
ce” between f (iω) and the “ideal” fre-
quency response f0(iω). The meaning
of “distance” is specified by the level
sets of F .

The picture illustrates the level sets of a penalty function for a fixed
frequency ω.



Helton’s H∞-Optimization Problem

Defining the performance P(f ) of a system with frequency response f by
worst case analysis with respect to all frequencies,

P(f ) := ess sup
ω∈R

F
(
ω, f (iω)

)
,

we arrive at the general problem of H∞-Optimization (J.W. Helton):

The OPT-problem P(f )→ Min !

Find the optimal performance

p∗ := inf {P(f ) : f ∈ H∞(C+)}

and all transfer functions f with P(f ) = p∗.



Geometric Setting

The Cayley-Transform transplants the problem from C+ to D. The set

A(p) := {w ∈ H∞(D) : F (t,w(t)) ≤ p a.e. on T}
of all bounded holomorphic functions in D with restricted boundary values
consists of frequency response functions of all systems with performance
not worse than p.

The figure shows (part of) the manifold

M(p) := {(t,w) ∈ T× C : F (t,w) = p}

and the traces of some functions in A(p).

Varying p we get nested manifolds M(p).
Now we see the manifolds corresponding to
different performance levels.

The OPT-problem consists in finding the smallest value p such that the
set A(p) is non-void.
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Admissible Penalty Functions

A penalty function F is said to be admissible, if the manifolds

M(p) := {(t,w) ∈ T× C : F (t,w) = p}

satisfy the following conditions:

(i) All M(p) are admissible torus-like target manifolds.

(ii) The M(p) form a nested family which depends continuously on
p ∈ R+, if 0 < p < q then M(p) ⊂ intM(q).

(iii) If p is large then M(p) ∈ R, if p is small then M(p) ∈ V .

The conditions guarantee that c 7→ M(p) is a continuous path in M
which starts in V and ends in R. Consequently, there exists p∗ such
that M(p∗) ∈ S .
Uniqueness of the optimal value p∗ follows from the condition (ii).
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Solvability of the OPT-Problem

The solution of the OPT-problem is a solution of the singular RHP with
target manifold M(p∗) ∈ S . This yields the following

Theorem (Helton, Marshall, E.W.)

For any admissible penalty function F the OPT-problem has a unique
solution. The solution is completely characterized by three properties:

(i) w is holomorphic in D and continuous on D.

(ii) F
(
t,w(t)

)
= p∗ = const on T

(iii) wind ∂wF (.,w) =: k ≥ 1.

The second condition says that the optimal system “flattens the penalty”,
i.e., it has the same (optimal) performance p∗ for all frequencies.

Since 2 ∂w := ∂x − i∂y is the complex conjugate of the gradient, the third
condition is equivalent to windM(p∗) w = −k < 0.

The relation to RHPs allows one to construct efficient numerical methods
for solving the OPT-problem.
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Target Manifolds of a Low-Pass Filter

Only three quarters of the nested target manifolds are shown.
The dark line is the trace of the origin.
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Solution of the singular Riemann-Hilbert Problem

The solution of the OPT-problem is the solution of a singular
parameter-depending RHP with negative winding number.
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This is reduced to finding the solution of a transformed regular
parameter-depending RHP with winding number zero which satisfies
an additional interpolation condition.
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Bode and Nyquist Plot of a Solution

gain

phase

The Nyquist plot of the solution with the level sets of the penalty function
shows that the systems has the same performance at all frequencies.

The Bode plot shows gain and phase delay for the optimal system.
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Riemann-Hilbert Transmission Problems
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Decomposition of Functions on the Circle

General Theme:

Represent functions f : T→ C by boundary values of functions f+ and f−
which are holomorphic in D and E := C \ D, respectively.

Riesz decomposition

f (t) = f+(t) + f−(t) with f−(∞) = 0.

Wiener–Hopf factorization (generalized)

f (t) = f+(t) · tκ · f−(t), where f±(z) 6= 0, f−(∞) = 1, κ ∈ Z.

Linear Riemann–Hilbert transmission problem: For given functions G and g
on T, find w+ holomorphic in D and w− holomorphic in E such that on T

w−(t) = G (t)w+(t) + g(t).
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Nonlinear Transmission Problems

Problem (Nonlinear Riemann-Hilbert transmission problem)

Let G : T× C→ C be a given function. Find w+ holomorphic in D and
w− holomorphic in E := C \ D such that

w+(t) = G (t,w−(t)), t ∈ T, w−(∞) = 0. (1)

Theorem (G.Khimshiashvili, I. Spitkovsky, E.W.)

Let G be continuously differentiable with uniformly bounded first
derivatives. If there exist a positive constant δ and a smooth unimodular
function g : T→ T with winding number zero such that the ellipticity
condition

Re
(
g(t) ∂zG (t, z)

)
− |∂zG (t, z)| ≥ δ > 0, (t, z) ∈ T× C,

is satisfied, then the transmission problem (1) has a unique solution in the
Hardy-Sobolev space H∞ ∩W 1

r for each r ∈ (1,∞).
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Blaschke Decomposition

Riesz decomposition: write f : T→ C as f = f+ − f− ≡ d(f+, f−),
where d(z ,w) := z − w is the complex Euclidean distance on C.

Hyperbolic version: write f : T→ D as f = p(f+, f−), where

p(z ,w) := (z − w)/(1− wz)

is the complex pseudohyperbolic distance on D.

Theorem (E.W., L.v.Wolfersdorf)

Every function f ∈ L∞(T) with ‖f ‖∞ ≤ 1 admits a decomposition

f =
f+ − f−

1− f −f+
, (2)

with f± ∈ H∞± , ‖f±‖∞ ≤ 1, and f−(∞) = 0. It is unique if ‖f ‖∞ < 1.

The representation (2) appears for the first time in 1999 in a paper by
Sylvester and Winebrenner on scattering in layered media.
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Sylvester and Winebrenner on scattering in layered media.



Blaschke Decomposition

Riesz decomposition: write f : T→ C as f = f+ − f− ≡ d(f+, f−),
where d(z ,w) := z − w is the complex Euclidean distance on C.
Hyperbolic version: write f : T→ D as f = p(f+, f−), where

p(z ,w) := (z − w)/(1− wz)

is the complex pseudohyperbolic distance on D.

Theorem (E.W., L.v.Wolfersdorf)

Every function f ∈ L∞(T) with ‖f ‖∞ ≤ 1 admits a decomposition

f =
f+ − f−

1− f −f+
, (2)

with f± ∈ H∞± , ‖f±‖∞ ≤ 1, and f−(∞) = 0. It is unique if ‖f ‖∞ < 1.

The representation (2) appears for the first time in 1999 in a paper by
Sylvester and Winebrenner on scattering in layered media.



The Hyperbolic Parseval Equation

The classical Parseval equation for the Riesz decomposition f = f− + f+ is
a statement about additivity of the energy,

‖f ‖2
2 = ‖f−‖2

2 + ‖f+‖2
2.

Sylvester and Winebrenner gave a hyperbolic version of Parseval’s
equation involving the energy

E (f ) := −
∫
T

log(1− |f |2) |dt|.

Theorem (Sylvester, Winebrenner, v.Wolfersdorf, E.W.)

If f = f− ◦ f+ is a Blaschke decomposition of f ∈ L∞ with ‖f ‖∞ ≤ 1 then

E (f ) = E (f−) + E (f+). (3)



The Hyperbolic Parseval Equation

The classical Parseval equation for the Riesz decomposition f = f− + f+ is
a statement about additivity of the energy,

‖f ‖2
2 = ‖f−‖2

2 + ‖f+‖2
2.

Sylvester and Winebrenner gave a hyperbolic version of Parseval’s
equation involving the energy

E (f ) := −
∫
T

log(1− |f |2) |dt|.

Theorem (Sylvester, Winebrenner, v.Wolfersdorf, E.W.)

If f = f− ◦ f+ is a Blaschke decomposition of f ∈ L∞ with ‖f ‖∞ ≤ 1 then

E (f ) = E (f−) + E (f+). (3)



The Hyperbolic Parseval Equation

The classical Parseval equation for the Riesz decomposition f = f− + f+ is
a statement about additivity of the energy,

‖f ‖2
2 = ‖f−‖2

2 + ‖f+‖2
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RHPs in Circle Packing



Nonlinear RHPs in Circle Packing

The figures below depict the solution of the Riemann-Hilbert problem

|w(t)− 0.2 t−4| = 0.82, w(0) = 0, w ′(0) > 0

Shown are the range packing modelled on the heptagonal complex K
[7]
4 ,

the real and imaginary part of the continuous solution (solid) and the
discrete solution (dots), and their traces on the target manifold.



Nonlinear RHPs in Circle Packing

The figures below depict the solution of the Riemann-Hilbert problem

|w(t)− 0.2 t−4| = 0.80, w(0) = 0, w ′(0) > 0

The cusps at the boundary of the packing indicate that the discrete
solution tries to develop branch points which emerge at the boundary if
0.82 is replaced by 0.80.



Nonlinear RHPs in Circle Packing

The figures below depict the solution of the Riemann-Hilbert problem

|w(t)− 0.2 t−4| = 0.82, w(0) = 0, w ′(0) > 0

The cusps at the boundary of the packing indicate that the discrete
solution tries to develop branch points which emerge at the boundary if
0.82 is replaced by 0.80.



THANK YOU

Thanks to Ken Stephenson for providing the Owl-packing

E. Wegert (TU Freiberg) Nonlinear Riemann-Hilbert Problems September 2019 43 / 44



THANK YOU

Thanks to Ken Stephenson for providing the Owl-packing

E. Wegert (TU Freiberg) Nonlinear Riemann-Hilbert Problems September 2019 44 / 44


	Summary of first talk
	Extremal principles
	Functions with restricted boundary values
	The range of values
	Nevanlinna parametrization
	The geometry of RHPs
	Transition from R to V

	Application: filter design
	Filter design

	Nonlinear transmission problems
	Wiener-Hopf factorization
	Nonlinear transmission problems
	Blaschke decomposition


